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On the basis of previous theoretical work we present a simple method of chaos control in experiment and
simulation using the Belousov-Zhabotinsky (BZ) reaction. The chaos control parameter employed is the
sinusoidally modulated electric current (AC) acting on a Pt-working electrode. The experimental chaos control
takes place in the well-known low flow rate region of the BZ reaction in a CSTR (continuous flow stirred
tank reactor). It was possible to stabilize several unstable periodic orbits (UPO) in the BZ experiment, namely
P1, P2, P3, and P4. The chosen model of chemical chaos is the seven-variables model (Montanator) of
Györgyi and Field. The stabilized UPO (P3) in the model calculations is compared to the same UPO stabilized
by time-delayed feedback method according to Pyragas. In addition we use the continuous time-delayed
feedback method to achieve the tracking of the UPO starting in the chaotic range and continuing beyond.

1. Introduction

Chaos control stands for the stabilization of an unstable
periodic orbit (UPO) contained in a strange attractor. A chaotic
attractor consists of a large number of UPOs which may be
stabilized by various available control methods.1-17 In chemical
reactions only few UPOs can be usually found and stabilized
in experiment and numerical simulations. An important chaos
control technique has been developed by Ott, Grebogi, and
Yorke (OGY).18 The OGY method applies small time-depend-
ent perturbations to the system requiring a simultaneous on-
line computer analysis. This discontinuous chaos control
method has been applied to a number of physical19-25 and
chemical systems, including the BZ reaction.26,27 Another chaos
control method is the continuous time-delayed feedback method
developed by Pyragas,28,29 which we applied to chaos in the
enzymatic peroxidase-oxidase reaction,30 to the experimental
BZ system,31 and to the seven-variables-Montanator model.31,33,34

Recently a resonant chaos control method3-8 has been applied
to the seven-variables-Montanator model,32 where a chaotic
motion is converted into a periodic motion by imposing one or
more sinusoidal flow rate perturbations. The frequencies,
phases, and amplitudes of the driving functions are adjusted
appropriately. The latter method of chaos control works without
feedback, and it should be very convenient in its experimental
use, since on-line registration and control of the actual reaction
concentrations is not necessary. The experimental system
chosen in this work is the BZ reaction which is run in a CSTR
at low flow rate.35-39 Instead of a flow rate perturbation, as
described in previous work,32 we use an electrical perturbation
in this study. We show experimentally that the stabilized UPOs
are part of the chaotic attractor and that they have not been
generated by the interaction with the external perturbation. In
the simulations we also apply a tracking method of periodic
orbits40 which is based on the time-delayed feedback by Pyragas,
in order to show that the UPOs stabilized by time-delayed
feedback are completely embedded in the chaotic attractor.28,29

2. Experimental Setup

2.1. Materials. Malonic acid (Merck) was recrystallized
twice from acetone to remove trace impurities.36-38 Sulfuric
acid, cerous sulfate (Riedel-de-Hae¨n), and potassium bromate
(Merck) were of analytical grade and used without further
purification. The water was purified by ion exchange (water
purification system Milli-Q, Millipore; specific resistanceg10
MΩ cm). All solutions were equilibrated with air.

2.2. Reactor. The experimental setup is presented in Figure
1. Both reactors contain a Pt-working electrode with a surface
of 3.0 cm2. The right reactor (Figure 1, 3.24 mL) is fed with
the BZ solutions and contains a Pt/Ag/AgCl-redox electrode-
chain (Ingold) to monitor the redox potential. Due to inevitable
variations in the sensitivity of the reference electrode, the output
signal is recorded in arbitrary units. The solutions are mixed
efficiently with a Teflon stirrer at a stirring rate of 1400 rpm.
The left reactor (Figure 1) containing the Pt counter electrode
is filled with 0.6 M sulfuric acid. It is not necessary to flow
the H2SO4 solution into the reactor, since its concentration does
not change significantly during a given experiment. Both
reactors are separated by a teflon membrane with pore size of
1-2 µm. The CSTR (right) is fed by a three-channel syringe
pump containing the reactant solutions. The latter is controlled
by a laboratory computer via a DA converter. The educts enter
the reactor in three separate feedlines through the bottom. The
reactant solutions are as follows: syringe 1, 0.3 M KBrO3;
syringe 2, 1.25× 10-3 M Ce2(SO4)3; syringe 3, 0.75 malonic
acid and 0.6 M H2SO4.39 To obtain reactor concentrations,
divide by three. The two reactors, the feedlines, and the syringes
are thermostated at 26( 0.2 °C.

2.3. Continuous Flow Conditions. Under these experi-
mental conditions chaos appears at a flow rate ofkf

(1) ) 4.58×
10-4 s-1 corresponding to a residence time ofτ ) 36.4 min
(Figure 2a). Chaos is reached through a period doubling route
by lowering the flow rate.39 The given value of the flow rate
(kf

(1)) refers to the center of the chaotic region. Further
measurements were performed at flow rates ofkf

(2) ) 4.37 ×
10-4 s-1 (τ ) 38.2 min) (Figure 4a), which is 5% belowkf

(1),* To whom correspondence should be addressed.
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andkf
(3) ) 5.01× 10-4 s-1 (τ ) 33.2 min) (Figure 4b) which

is 9% abovekf
(1).

2.4. Electrical Perturbation. The electrical sinusoidal
perturbation of the reaction is realized by the two Pt electrodes
connected to a galvanostat (EG&G) which is controlled by a
laboratory computer via a DA converter. The imposed alternat-
ing currentI [mA] is given by eq 1, whereI0 is the amplitude
of the alternating current andνP the modulation (perturbation)
frequency [Hz]:

Thus the current as well as the perturbing potential alternates
between positive and negative values. According to Vetter,41

there are no inhibiting polarization processes for the Ce(III)/
Ce(IV) redox couple. We conclude also from our previous work
that other redox processes involving bromine species occur, but
they can be neglected.42,43

2.5. Data Evaluation. For all stabilized orbits we compute
the Fourier spectra and compare them with the Fourier spectrum
of the unperturbed chaotic time series. In order to check if the
stabilized orbit is embedded in the strange attractor, we used
the Takens method for attractor reconstruction from the
measured time series.44 The singular value decomposition
(SVD) method, which is generally more reliable for evaluation
of invariant measures, could not be used in this case because
of the coordinate transformation involved in the attractor
reconstruction.45 The experimental time series of 2000 data
points were recorded with a sampling rate of 1 Hz.

2.6. Experimental Results. The capacity dimension of the
strange attractor observed atkf

(1) is DH ) 2.3 (calculated with
nearest-neighbor analysis).46-48 The reconstruction of the
attractor for the dimensional analysis was performed using the
SVD method.45

In the following the period of the alternating current isTP.
The main frequency of the system’s response is calledνR, and
the corresponding period isTR. The perturbation amplitude was
chosen to beI0 ) 0.02 mA for all experiments leading to an
amplitude for the potential ofU0 ) 1.1 V. The periodic
perturbation according to eq 1 was started after 6-7 residence
times of free running chaos. The perturbation frequency was
νP ) 1.72× 10-2 Hz (TP ) 58 s) corresponding to the major
peak in the Fourier spectrum of the chaotic times series (Figure
3a). A P2 orbit could be stabilized (Figure 2b and power
spectrum Figure 3b). Its frequency wasνR ) 8.47× 10-3 Hz

(TR ) 118 s). The relation betweenνP and νR is 2:1. If the
perturbation frequency was decreased fromνP ) 1.72× 10-2

Hz (TP ) 58 s) to νP ) 8.47 × 10-3 Hz (TP ) 118 s), we
obtained the same P2 orbit (νR ) 84.7× 10-3 Hz) (not shown);
which is a frequency relation of 1:1. With a perturbation
frequency ofνP ) 1.47 × 10-2 Hz (TP ) 68 s) the chaotic
motion was controlled to become a P4 orbit (22) (LS ) large
and small amplitudes) withνR ) 3.64× 10-3 Hz (TR ) 275 s)
(Figure 2c and power spectrum Figure 3c). HereνP:νR is 4:1.
In another chaos control measurement under the same perturba-
tion conditions the system responded with a P3 orbit (12) of νR

Figure 1. CSTR (3.24 mL volume): The sinusoidal electric perturba-
tion is applied via the Pt electrodes connected to a galvanostat. The
redox potential is measured using a Pt/Ag/AgCl redox electrode.

I ) I0 sin(2πνPt) ∝
d[Ce(IV)]

dt
(1)

Figure 2. (a) Time series of experimental chaos at a flow rate of
kf

(1) ) 4.58× 10-4 s-1 (τ ) 36.4 min). (b) Experimental time series of
the stabilized P2 orbit. The perturbation was realized by using
alternating current with a frequencyνP ) 1.72× 10-2 Hz (TP ) 58 s)
and an amplitude ofI0 ) 0.02 mA. The stabilized P2 orbit had a
frequency ofνR ) 8.47 × 10-3 Hz (TR ) 118 s). (c) Experimental
time series of the stabilized P4 orbit. The perturbation was realized by
using alternating current with a frequency ofνP ) 1.47× 10-2 Hz (TP

) 68 s) and an amplitude ofI0 ) 0.02 mA. Its frequency wasνR )
3.64× 10-3 Hz (TR ) 275 s).
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) 7.35× 10-3 Hz (TR ) 136 s) (not shown); hereνP:νR is 2:1.
Increasing the perturbation frequency toνP ) 2.08× 10-2 Hz
(TP ) 48 s) enables the stabilization of another P2 orbit, which
had a frequency ofνR ) 1.04 × 10-2 Hz (TR ) 96 s) (not
shown). Here the frequency relation is 2:1.

In another set of experiments we lowered the flow rate to
kf

(2) ) 4.37 × 10-4 s-1 and applied the same perturbation
procedures as above forνP ) 1.72× 10-2 Hz. Here the major
peak frequency of the chaotic Fourier spectrum, namely 1.72
× 10-2 Hz, is the same as above. We now obtained a P3 orbit
with νR ) 5.75× 10-3 Hz (TR ) 174 s) (Figure 4a and power
spectrum Figure 5a) instead of the P2 orbit observed atkf

(1).
The frequency relation is 3:1. For further chaos control
experiments we raised the flow rate tokf

(3) ) 5.01× 10-4 s-1

and applied the same perturbation. In the latter case the system

stabilized in a P1 orbit withνR ) 1.66× 10-2 Hz (TR ) 60 s)
(Figure 4b and power spectrum Figure 5b). The frequency
relation is 1:1.

3. Model Calculations with the
Seven-Variables-Montanator Model

In order to simulate the low flow rate chaos of the
experimental BZ system we used the seven-variables-Mon-
tanator model.33,34 The Montanator model consists of two
autocatalytic cycles, one containing the production of HBrO2

by the reduction of bromate with cerium(III); the second
autocatalytic cycle represents the formation of bromide from
bromomalonic acid. The mechanism and the rate constants of
the seven-variables-Montanator are given in Tables 1 and 2.
The following species are used as the variables in the model:
bromous acid, bromide, bromate, bromomalonic acid, bromo-
malonic acid radical, cerium(III), and cerium(IV). The model
is in good agreement with the experimentally observed deter-
ministic chaos. An external electric current corresponding to
oxidation and reduction of the Ce(III)/Ce(IV) couple is included
in the model:

Figure 3. (a) Fourier spectrum of the experimental chaotic time series
with a major peak ofν ) 1.72 × 10-2 Hz (TP ) 58 s). (b) Fourier
spectrum of the experimental P2 orbit. (c) Fourier spectrum of the
experimental P4 orbit.

Figure 4. (a) Experimental time series of the P3 orbit at a constant
flow rate of kf

(2) ) 4.37× 10-4 s-1 (τ ) 38.2 min). The perturbation
frequency wasνP ) 1.72× 10-2 Hz (TP ) 58 s), and the frequency of
the stabilized orbit wasνR ) 5.75 × 10-3 Hz (TR ) 174 s). (b)
Experimental time series of the P1 orbit at a constant flow rate of
kf

(3) ) 5.01 × 10-4 s-1 (τ ) 33.2 min). The perturbation frequency
was νP ) 1.72 × 10-2 Hz (TP ) 58 s), and the frequency of the
stabilized orbit wasνR ) 1.66× 10-2 Hz (TR ) 60 s).

d[Ce(III) ]
dt

) S([Ce(III) ]) - kf([Ce(III) ] - [Ce(III) ]0) + j (2)

d[Ce(IV)]
dt

) S([Ce(IV)]) - kf([Ce(IV)]) - j (3)

Electrochemical Chaos Control J. Phys. Chem. A, Vol. 102, No. 26, 19985061



The CSTR is assumed to be well-stirred, and any concentration
gradients are neglected.S([Ce(III) ]) is the chemical source term
for Ce(III) and represents the chemical reaction rates;j is the
electric current density contributed by Ce(IV),j0 is the amplitude

of the alternating current.ν is the frequency [Hz],ø is the
contribution of the Ce(IV) to the conductivity,∇φ is the
electrical potential gradient,F is the Faraday constant, andu is
the mobility of Ce(IV) ions. We combine the constant factors
F, u, and ∇φ to obtain the parameterC0, which is directly
correlated with the amplitudej0.

The resulting ordinary differential equations were numerically
integrated using the Gear method. The flow rate is set tokf )
3.0 × 10-4 s-1. The bifurcation diagram with C0 as the
bifurcation parameter shows P1 oscillations forC0 ) 1.62 ×
10-2 (Figure 6). When the value of the bifurcation parameter
was lowered, the system displays P2 oscillations through period
doubling into a chaotic region with aDC ) 2.3 (capacity
dimension) of the attractor. By lowering the ac amplitude to
C0 < 1.0 × 10-2, P3 oscillations were obtained. They
disappeared at an amplitude ofC0 ) 5.0× 10-4 and gave way
to a narrow region of chaos via period doubling (Feigenbaum
route).

3.1. Simulation of Chaos Control. A flow rate ofkf ) 3.0
× 10-4 s-1 was maintained in all simulations. The perturbation
frequencies were derived from the Fourier spectrum of the
uncontrolled chaos (Figure 8a). With a perturbation frequency
of νP ) 7.27× 10-3 Hz and an amplitude ofC0 ) 0.001 a P3
oscillation (21) with a main frequency ofνR ) 1.82× 10-3 Hz

Figure 5. (a) Fourier spectrum of the experimental P3 orbit. (b) Fourier
spectrum of the experimental P1 orbit.

TABLE 1: Seven-Variables-Montanator Model
(Nonstoichiometric Steps)a

Br- + HBrO2 + H+ f 2BrMA (R1)
Br- + BrO3

- + 2H+ f BrMA + HBrO2 (R2)
2HBrO2 f BrO3

- + BrMA + H+ (R3)
BrO3

- + HBrO2 + H+ f 2BrO2
• + H2O (R4)

2BrO2
• + H2O f BrO3

- + HBrO2 + H+ (R5)
Ce3+ + BrO2

• + H+ f HBrO2 + Ce4+ (R6)
HBrO2 + Ce4+ f Ce3+ + BrO2

• + H+ (R7)
MA + Ce4+ f MA • + Ce3+ + H+ (R8)
BrMA + Ce4+ f Ce3+ + Br- (R9)
MA • + BrMA f MA + Br- (R10)
2MA• f MA (R11)

a MA ) malonic acid; MA• ) malonic acid radical; BrMA)
bromomalonic acid.

TABLE 2: Rate Constants and Concentrations of the
Seven-Variables-Montanator Model

kR1 2.0× 106 s-1 M-2 kR8 3.0× 10-1 s-1 M-1

kR2 2.0 s-1 M-3 kR9 3.0× 101 s-1 M-1

kR3 3.0× 103 s-1 M-1 kR10 2.4× 104 s-1 M-1

kR4 3.3× 101 s-1 M-2 kR11 3.0× 109 s-1 M-1

kR5 7.6× 105 s-1 M-2 [BrO3
-] 0.1 M

kR6 6.2× 104 s-1 M-2 [H2O] 55 M
kR7 7.0× 103 s-1 M-1 [H+] 0.26 M

j ) j0 sin(2πνPt) (4)

j0 ) -ø∇φ (5)

ø ) F‚u(Ce(IV))[Ce(IV)] (6)

Figure 6. Montanator model: Bifurcation diagram with direct current
applied on the low flow rate chaos of the BZ system (kf ) 3.0× 10-4

s-1 (τ ) 55.5 min)).

Figure 7. Montanator model: Time series of the stabilized P3 orbit
obtained at a constant flow rate ofkf ) 3.0× 10-4 Hz (τ ) 55.5 min)
and a perturbation frequency ofνP ) 7.27× 10-3 Hz (TP ) 137.5 s)
and an amplitude ofC0 ) 0.001. The P3 had a frequency ofνR ) 1.82
× 10-3 Hz (TR ) 550 s).

C0 ) -F‚u‚∇φ (7)
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is stabilized (Figure 7). Here the ratioνP:νR equals 4. An
identical P3 pattern has been stabilized for additional perturba-
tion frequencies whereνP ) nνR, namelyνP′ ) 1.09 × 10-2

Hz andνP′′ ) 2.18× 10-2 Hz, for n ) 6 and 12, respectively.
The latter frequencies, however, required a higher value of the
amplitude, namelyC0 ) 0.002, in order to stabilize the P3 orbit.
Thus, the amplitudes of the various perturbation frequencies
(for different stabilized UPOs) are not identical.

3.2. Tracking. We used a delayed-feedback based method
to show that the stabilized P3 orbit is an UPO contained in the
strange attractor.40 If the period (τ) of the stabilized UPO and
the coupling strength (A in eq 8) are known, the UPO can be
tracked through the chaotic region. For the tracking of the P3
orbit the bifurcation parameterC0 (eq 7) is varied while the
Pyragas-type control remains active.

The balance equations of the Ce(III)/Ce(IV) couple were treated
as shown in eqs 2-6. Figure 9 shows the bifurcation diagram
for A ) 0 together with the results of the tracking method as
described before (diamonds in Figure 9). The delay time was
τ ) 550 s, the required Pyragas feedback amplitude was found
to be A ) 0.001, and the AC perturbation wasνP ) 7.27 ×
10-3 Hz (TP ) 137.5 s).

4. Discussion and Conclusions

We demonstrate a simple and efficient way to control chaos
in the experimental BZ system and in the numerical simulations

of the 7-variables-Montanator model. In experimental chaos
control, the major frequency of the chaotic Fourier spectrum
was used as the perturbation frequency. In the center of the
chaotic range an orbit of period two could be stabilized. We
also stabilized P2, P4, and P3 orbits by changing the perturbation
frequency. The ratioνP:νR was always a rational number equal
to one or larger. If the flow rate is moved toward a neighboring
periodic window, different periodic orbits can be stabilized:
With a flow rate closer to the P3 region, the stabilized UPO is
a P3. Here the relation between the perturbation and the
response frequency was also a multiple (three) of the frequency
of the stabilized periodic orbit. Similar results were obtained
for the case with the flow rate closer to the P1 region, where
the perturbation frequency equals the frequency of the response
P1. These experiments confirm that it is possible to stabilize
several different UPOs of a given chaotic attractor by electro-
chemical periodic perturbations. The type of UPO which is
stabilized is the UPO which is the least unstable. In general,
the corresponding stable orbit will be found in the close
neighborhood of the chaotic attractor.32

In analogy to the continuous chaos control method proposed
by Pyragas the inclusion of a sinusoidal ac perturbation expands
the dimension of the low dimensional chemical system. The
stabilization is achieved through those additional degrees of
freedom which cause a decrease of the largest Lyapunov
exponent of the UPO.28,29

The model calculations with the 7-variables-Montanator
model differ from the experimental results only with respect to
the perturbation frequencies. The most efficient stabilization
of P3 was obtained by using theνP:νR ratio of 1:4. Ac
frequencies of six times and 12 times the main frequency of
the stabilized UPO control may also be used. Tracking of the
P3 orbit clearly showed that this orbit is embedded in the original
chaotic attractor.
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